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SUMMARY
Over the past two decades, researchers have studied elastic/acoustic metamaterials and
phononic crystals to enable certain structural properties that are not found in ordinary ma-
terials. One such property is the formation of a bandgap (a frequency range in which
wave propagation is forbidden) to attenuate structural vibrations or noise over a desired
frequency band. Metastructures, which are finite periodic structures with specified bound-
ary conditions, can exhibit bandgap formation via geometry and/or material periodicity
(Bragg scattering-based) or via resonating unit cells (locally resonant). The efforts pre-
sented in this thesis focus on the former approach in stimuli-responsive hydrogels which
can achieve reprogrammable geometric and material periodicity through periodic swelling.
Hydrogels are soft materials primarily composed of a network of hydrophilic polymers and
water molecules. Many hydrogels have been made stimuli-responsive that can swell or
shrink upon exposure to external triggers such as light radiation, relative humidity, tem-
perature, etc. Because of their biocompatibility, hydrogels have been used extensively in
many biomedical applications such as artificial organs, cell culture scaffolds, wound dress-
ings, and drug carriers. Furthermore, hydrogels exhibit less internal damping compared to
commonly used soft materials, offering a potential for structural dynamics and wave prop-
agation applications. This work intends to study the use of hydrogels as metamaterials for
bandgap formation and tuning due to their stimuli responsive behavior. This thesis first
utilizes the transfer matrix method to perform the band structure (dispersion) analyses on
unit cells of periodic hydrogel structures. In addition, finite structure frequency response
analyses are performed using the finite element method. These models are then experimen-
tally validated for hydrogel-based periodic cantilever beam configurations conducted on
leucohydroxide (concentration is directly proportional to periodic swelling) based photo-
responsive hydrogels. The effects of various parameters, such as unit cell length ratio
and leucohydroxide concentration on bandgap and its tuning are further explored and ex-
xi
perimentally validated. Both model simulations and experimental results suggest that in-
crease in unit cell length ratio reduces both the center frequency and width of the bandgap,
whereas higher leucohydroxide concentrations result in wider bandgaps at lower center
frequencies.
xii
CHAPTER 1
INTRODUCTION AND BACKGROUND
1.1 Bandgap Formation in Metamaterials
Vibrations can be destructive to many structures, hence it is necessary to attenuate the
structural response to ensure safety and performance. Vibration attenuation can be achieved
by adding damping to the structure. While this is a commonly employed approach, it
could prove to be an expensive one and may require addition of bulky attachments like
tuned mass dampers. By enabling bandgap formation, metamaterials and phononic crystals
provide an innovative approach to attenuate structural vibrations or noise over a desired
frequency band. A bandgap is a frequency range over which wave propagation is forbidden.
Metamaterials can exhibit bandgap formation via geometric and/or material periodicity
(Bragg-scattering based) or resonating unit cells (locally resonant). Bragg-scattering based
bandgaps occur at wavelengths which are on the order of the lattice size of the crystal,
hence large unit cells in conventional materials are required to create bandgaps at lower
frequencies [1]. On the other hand, locally resonating metamaterials can create bandgaps
at wavelengths much larger than the lattice size [2, 3]. Researchers have further studied
coupled periodic and locally resonant metamaterials which can further enhance both the
locally resonant and Bragg-scattering based bandgap width [4].
1.2 Wave Propagation in Periodic Structures
A periodic structure is a regular and repeating arrangement of atoms, particles, or unit
cells. These structures can be artificially made or can exist in nature over a wide range
of length scales. The size of the structures which possess periodicity can range from mi-
croscopic lumped diatomic systems such as crystal lattices [5] to multi-storey buildings,
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bridges, etc. Over the past few decades, researchers have exploited structural periodicity
to generate bandgaps and tune them over a desired frequency range. Research on peri-
odic chains of masses and springs dates back to Newton and Lord Rayleigh [6]. Brillouin
provided a comprehensive historical background and motivation to study wave propaga-
tion in periodic structures [1]. Bandgap formation in periodic continuous systems has also
been studied in detail [7, 8]. Several innovative techniques such as placement of periodic
inclusions, geometric, and material periodicities have been further explored to introduce
bandgaps in structures. Depending on the design of these inclusions, geometric, and ma-
terial periodicities, researchers have been able to design structures with bandgaps over
desired frequencies [9].
1.3 Bandgap Tunability
Based on design specifications, metamaterials would be required to attenuate vibration
or noise over a specific frequency band. Several innovative and efficient approaches have
been recently developed to tune bandgaps in metamaterials. In recent years, researchers
have studied metamaterial beams which can tune their bandgaps based on temperature
based Young’s moduli variations in shape memory alloy resonators [10, 11]. Researchers
have also been able to develop bandgap tuning techniques in metamaterial structures via
electromechanical/piezoelectric resonators [12–14]. Electro-mechanical resonators can
provide a digital approach to instantaneously program bandgap without physically altering
the structure [14]. Researchers have developed metamaterials with linear and non-linear bi-
stable mechanical attachments which can possess wider bandgaps [15–17]. Additionally,
bandgap tuning in acoustic metamaterials via both mechanical [18] and electro-mechanical
[19] means has also been studied extensively. Several other innovative approaches such as
tuning via magnetic field variation and periodic buckling in undulate beams have also been
explored [20, 21].
Majority of bandgap formation and tuning studies have been conducted on structures
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Figure 1.1: Different techniques used for bandgap tuning in metamaterials- (a) shape mem-
ory based locally resonant metamaterials [11] (b) piezoelectric circuit based tunable surface
acoustic wave bandgaps [19] (c) piezoelectric based tunable bandgaps in flexural beams
[14].
made from hard materials. On the contrary, this thesis seeks to examine the feasibility of
bandgap formation in hydrogel-based metamaterials which are very soft in nature. Addi-
tionally, the stimuli-responsive behavior of hydrogels is utilized to induce physical changes
in the structure which can ultimately provide an interesting and innovative approach for
tuning bandgaps in hydrogel-based metamaterials.
1.4 Stimuli-Responsive Hydrogels
In recent years, hydrogels have been extensively studied due to their versatile range
of biomedical applications, ranging from drug carriers to tissue engineering [22, 23]. Hy-
drogels are soft materials primarily composed of hydrophilic polymeric network and wa-
ter molecules. These hydrogels can change their volume by absorbing or repelling water
through chemical and/or physical means [24, 25]. Such change in volume can alter hy-
drogel mechanical properties such as density, modulus, diffusivity, and internal damping
[26]. Recent studies have also shown that hydrogels possess less internal damping when
compared to commonly used soft materials [27]. Such special property can be utilized in
numerous structural dynamics and wave propagation applications.
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Hydrogels have been made responsive to a variety of different environmental cases such
as temperature, pH, electric field, light etc [28–31]. Among various stimuli-responsive
hydrogels, photo-chemical hydrogels have the best spatial temporal control. However,
the most conventional photo-chemical hydrogels require constant light radiation exposure
to maintain its activated/swollen state [32]. In efforts to address this problem, recently,
a leucohydroxide-based photo-responsive hydrogel, with decoupled light activation and
swelling processes has been developed [33]. These hydrogels can obtain high deforma-
tion/swelling while maintaining good structural integrity. Additionally, the good spatial
and temporal resolutions of these hydrogels pave the way for creating hydrogels with lo-
calized and periodic swelling which can be utilized to study bandgap formation and tuning
in hydrogel-based metamaterials.
1.5 Outline of the Thesis
This work explores the bandgap formation and tuning in stimuli-responsive hydrogel-
based periodic structures. Chapter 2 focuses on the dispersion analysis based approach for
studying the bandgap formation. Dispersion analysis relates wavenumber, k, of a wavevec-
tor to its frequency, ω. Transfer matrix method is utilized to relate the forces and dis-
placements at the boundaries of the unit cell of an infinite periodic structure to ultimately
define the eigenvalue problem which can then be used to create the dispersion curves. Both
Euler-Bernoulli and Timoshenko beam theories are considered to model the bandgap for-
mation in periodic structures under bending vibrations. The variation in bandgap width
and center frequency is evaluated with respect to changes in diameter, Young’s modulus,
and unit cell length ratio. Chapter 3 discusses the development and utilization of finite
element method based frequency response analysis to study bandgap formation in periodic
structures with finite number of unit cells. Hamilton’s principle is used to create the finite
element mass and stiffness matrices for Euler-Bernoulli and Timoshenko beam models.
Cantilever boundary conditions are considered in the model and similar case studies (di-
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ameter, Young’s Modulus, and length ratio) are again repeated in this chapter. Chapter 4
discusses the experimental results from the shaker vibration tests which are performed on
leucohydroxide based photo-responsive periodic hydrogels. Static deflection due to gravity
is considered using a COMSOL model to ensure a good match with experimental results.
Hydrogel samples with different leucohydroxide concentrations and length ratios are tested
to evaluate changes in the location and width of bandgap. Chapter 5 concludes the findings
and provides further recommendations for future work in this field.
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CHAPTER 2
DISPERSION (BAND STRUCTURE) ANALYSIS
This chapter presents the dispersion-analysis-based efforts used to predict and tune the
bandgap in a hydrogel structure with certain material and geometric periodicity. For any
given structure, dispersion analysis relates wavenumber, k of a wavevector to its frequency,
ω. Bandgap formation is first studied in diatomic chain model which is the simplest rep-
resentation of periodic hydrogels studied in this work. Unit-cell-based dispersion rela-
tions are further established using transfer matrix method for axial, torsional, and flexu-
ral/bending modes of wave propagation. For bending modes, Timoshenko beam model is
also developed alongside Euler-Bernoulli beam model to account for shear deformation
and rotational inertia which can be significant in soft structures such as hydrogels. Several
case studies for bending models are also presented here to describe how bandgap width and
center frequency vary with respect to the extent of geometric and material periodicity.
2.1 Diatomic Chain Model
A periodic repetition of geometry or material property such as Young’s modulus in a
structure results in local mass and stiffness variation. The extent of this variation is what
ultimately controls the quality of bandgap. A diatomic chain as shown in Figure 2.1, is an
infinite periodic discrete chain of two different springs and masses. Unit cell is defined as
the periodically repeating segment of the diatomic chain. For the nth unit cell, the equations
of motion for the two neighboring masses can be given by [1, 34]
(−ω2m1 + k1 + k2)u2n − k1(u2n−1 + u2n+1) = 0,
(−ω2m2 + k1 + k2)u2n+1 − k2(u2n + u2n+2) = 0,
(2.1)
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(a)
(b)
Figure 2.1: (a) An infinite 1-D diatomic chain and (b) nth unit cell of the diatomic chain
where ω is the frequency and u is the displacement. Equation 2.1 for a plane wave can be
further written in matrix form as
[K(γ)− ω2M]u(γ)einγ = 0, (2.2)
in which γ = kL and u(γ)einγ is the spatial part of the solution as defined by Floquet-Bloch
theorem, which is commonly used to explore wave propagation in periodic structures [5,
34]. Here, L is the total length of the unit cell and k is the wavevector. The stiffness matrix,
K and mass matrix, M can be written as
K(γ) =
 k1 + k2 −k1e−iγ − k2
−k1eiγ − k2 k1 + k2
 , (2.3)
M =
m1 0
0 m2
 . (2.4)
For this two-degree-of-freedom (2-DOF) system, the eigenvalues can be found by solv-
ing for the roots of the characteristic equation which can be derived by setting the deter-
minant of the coefficient matrix in Equation 2.2 equal to zero as shown in Equation 2.5.
Dispersion curves for this simplified structure can then be created by plotting the two re-
7
(a) (b)
Figure 2.2: (a) Bandgap center frequency and (b) width variation in diatomic chain model
sultant eigenvalues against k.
det(K(γ)− ω2M) = 0 (2.5)
The local minimum of the larger eigenvalue defines the upper bound of the bandgap,
whereas the local maximum of the smaller eigenvalue defines the lower bound of the
bandgap. The bandgap width and center frequency variations with respect to mass and
stiffness ratio in the unit cell are shown in Figure 2.2. Mass ratio, µ is defined as m2/m1
and stiffness ratio, κ is defined as k2/k1. Here, Ω (normalized by
√
k1/m1) is the non-
dimensionalized frequency. It can be observed that when both mass and stiffness ratio are
1, the bandgap width is 0 which indicates that the diatomic chain is homogeneous. An
ideal bandgap would be wider and occur at a lower center frequency. It can be noticed that
increasing both mass and stiffness ratio results in a wider bandgap, and increasing stiffness
ratio widens the bandgap much more substantially than increasing mass ratio. It can also be
seen that increasing mass ratio lowers the bandgap center frequency while larger stiffness
ratio results in higher bandgap center frequencies.
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2.2 Dispersion Analysis Using the Transfer Matrix Method
While section 2.1 provides a fundamental understanding of bandgap formation in a
diatomic structure, it is important to develop robust models which can capture bandgap
formation in continuous systems such as periodic structures under axial, torsional, and
bending vibrations. The eigenvalue problem for dispersion analysis is defined here using
transfer matrix method (TMM) which relates the displacements and forces at the left and
right unit cell boundaries. Figure 2.3 describes the periodic hydrogel structure of interest.
The unit cell here is defined as the combination of non-swollen (segment a) and swollen
(segment b) portions of an infinite periodic hydrogel structure. The transition between
segment a and b is assumed to be sharp or step-like. Based on the trends noticed in the
experiments, this model assumes that the mass density, ρ = 1023 kg/m3 and Poisson’s ratio,
ν = 0.49 remain constant across the unit cell. The hydrogel is assumed to be a linear elastic
material undergoing small deformations.
Table 2.1: Young’s modulus, diameter, and length of the unit cell segments
Segment E (kPa) d (mm) L (mm)
a 8.55 3.74 5.47
b 6.90 5.81 7.43
(a) (b)
Figure 2.3: (a) A finite periodic hydrogel structure with 5 unit cells (b) A schematic of the
nth and (n− 1)th unit cells of an infinite periodic structure.
Dimensional and material specifications shown in Table 2.1 correspond to one of the hy-
drogel samples used in experiments and are used in this section to demonstrate the bandgap
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formation for axial, torsional, and bending modes. Young’s moduli of the hydrogel seg-
ments are obtained from tensile test.
2.2.1 Periodic Structures Under Bending Vibrations
A special emphasis is provided to the bending/transverse vibration model because
the experimental results shown in chapter 4 focus on hydrogel structures under bend-
ing/transverse excitations. Bandgap formation in periodic structures under bending vibra-
tions is modelled using two very common beam theories: Euler-Bernoulli and Timoshenko.
While the Euler-Bernoulli theory can accurately model beams with high aspect ratios and
provides a simple representation of the dynamics involved, the Timoshenko beam theory is
ideal for structures where shear deformation and rotational inertia effects cannot be easily
neglected. The equation of motion for an Euler-Bernoulli beam in the absence of damping
and external load can be written as
EI
∂4w(x, t)
∂x4
+ ρA
∂2w(x, t)
∂t2
= 0 (2.6)
where w(x, t) is the transverse displacement of the periodic structure described in Fig-
ure 2.3, A is the cross-sectional area and I is the second moment of area [35]. For circular
cross-section, I can be defined as
I =
π
64
d4 (2.7)
where d is the cross-sectional diameter. The solution to Equation 2.6 can then be given
by
w(x, t) = eiωt(W1e
−ikx +WN2 e
−kx +WN3 e
ikx +W4e
kx) (2.8)
in which superscript, N denotes the near field component of the solution and wavenumber,
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k is defined as
k =
4
√
ρAω2
EI
. (2.9)
The transfer matrix method relates the displacement and forces at the unit cell bound-
aries. In the case of bending vibrations, transverse displacement, slope, bending moment,
and shear force continuities are considered at the boundaries of the unit cell shown in Fig-
ure 2.3 [36]. Slope, bending moment, and shear force are defined as
θ = w′(x, t), M = EIw′′(x, t), S = EIw′′′(x, t) (2.10)
respectively. The continuities of displacements and forces at the interface of the (n− 1)th
and nth unit cell (x = nL,L = L1 + L2) give
wn,a(0) = wn−1,b(L),
w′n,a(0) = w
′
n−1,b(L),
EaIaw
′′
n,a(0) = EbIbw
′′
n−1,b(L),
EaIaw
′′′
n,a(0) = EbIbw
′′′
n−1,b(L).
(2.11)
Equation 2.11 can be written in matrix form as AWn,a = BWn−1,b where, W =
[W1 W2 W3 W4]
T . Similarly, the continuities at the interface of segments A and B of
the nth cell (x = nL+ L1) yield
wn,a(L1) = wn,b(L1),
w′n,a(L1) = w
′
n,b(L1),
EaIaw
′′
n,a(L1) = EbIbw
′′
n,b(L1),
EaIaw
′′′
n,a(L1) = EbIbw
′′′
n,b(L1).
(2.12)
which can then be written in matrix form as CWn,a = DWn,b. The two continuities
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defined in matrix form establish the relationship between n− 1th and nth unit cell as
Wn,b = TWn−1,b,
T = D−1CA−1B,
(2.13)
and T here is the transfer matrix of the system. Due to the periodic nature of the structure,
Wn also needs to satisfy the Floquet-Bloch Theorem [5]. To re-iterate in matrix form, this
theorem states
Wn = e
iγWn−1. (2.14)
The dispersion curve plot can then be created by solving for the roots of the characteristic
equation provided below
|T− eiγI| = 0 (2.15)
where I is a 4 x 4 identity matrix. The roots of the characteristic equation provide wavevec-
tor, k for a given frequency, ω.
The Euler-Bernoulli beam model can overestimate bandgap width and location if the
shear deformation and rotational inertia effects are not insignificant. The stimuli-responsive
hydrogels used in this research have very low Young’s modulus when compared to metals,
plastics, and even rubber. The gel-based unit cells are also of low aspect ratio. Both of
these factors can result in significant shear deformation and rotational inertia effects. In the
absence of damping and external load, the equation of motion for a Timoshenko beam can
be written as
EI
∂4w(x, t)
∂x4
+ρA
∂2w(x, t)
∂t2
−
(
ρI +
EIρ
ksG
)
∂4w(x, t)
∂x2∂t2
+
(
ρ2I
ksG
)
∂4w(x, t)
∂t4
= 0 (2.16)
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where G is the shear modulus and β is the shear factor and it depends on the cross-section
of the structure [37]. For a linear elastic material, G is given by
G =
E
2(1 + ν)
. (2.17)
For a circular cross-section, the shear factor is defined as [38]
ks =
6(1 + ν)
7 + 6ν
. (2.18)
The general harmonic solution for a Timoshenko beam can then be written as
w(x, t) = eiωt(W1e
k1x +W2e
k2x +W3e
k3x +W4e
k4x) (2.19)
in which ki=1:4 are the roots of
k4 +
[(
ρI
EI
)
ω2 +
(
ρ
ksG
)
ω2
]
k2 +
(
ρA
EI
)
ω2
[(
ρI
ksGA
)
ω2 − 1
]
= 0. (2.20)
Transfer matrix derivation and unit cell based boundary conditions similar to Euler-
Bernoulli beam model are again utilized here to solve for the characteristic equation roots
and ultimately create the dispersion curve plots [37]. Figure 2.4 compares the resultant
dispersion curves from the Euler-Bernoulli and Timoshenko beam models for the periodic
hydrogel structure with dimensions and material properties provided in Table 2.1. It can be
observed that the Euler-Bernoulli beam model significantly overestimates the location and
width of the first two bandgaps when compared to Timoshenko beam model.
2.2.2 Periodic Structures Under Axial and Torsional Vibrations
Axial and torsional models are not validated through experiments in this work, how-
ever these models are a good academic practice and can still prove to be useful if coupled
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Figure 2.4: Dispersion curves created using Euler-Bernoulli and Timoshenko beam models
for a periodic hydrogel structure. The horizontal shaded patches denote the relatively wider
second bandgap in the respective models. Frequency axis here is normalized by the first
experimental resonant frequency of a clamp-free periodic hydrogel beam under transverse
base excitation.
modes of vibrations are to be considered for hydrogel structures. For structures under pure
axial vibrations, the equation of motion in absence of damping and external forcing can be
written as
EA
∂2u(x, t)
∂x2
− ρA∂
2u(x, t)
∂t2
= 0, (2.21)
where u(x, t) is the axial displacement [35]. The general harmonic solution of the axial bar
model is given by,
u(x, t) = eiωt(U1e
−ikx + U2e
ikx), (2.22)
where k is defined as
k =
√
ρω2
E
. (2.23)
A TMM approach identical to the one discussed earlier in this section is again utilized to
create the dispersion curve plots, however the axial continuities at the unit cell boundaries
do not involve any out of plane rotation or shear deformation. The only displacement in
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(a) (b)
Figure 2.5: Dispersion curves for a periodic hydrogel structure under (a) pure axial and
(b) torsional vibrations. In absence of any experimental results, the frequency axes here
are normalized by the first resonant frequency as predicted by the respective finite element
models which are discussed in detail in chapter 3.
question is u(x, t), whereas the axial force, F is the only force and can be defined as
F = EAu′(x, t). (2.24)
In order to re-derive the transfer matrix and the roots of the characteristic equation,
u(x, t) and F can be further evaluated at the two interfaces of interest in our unit cell as
shown in Equation 2.10 and 2.11. Periodic structures (with circular cross-section) under
pure torsional vibrations can be modelled using the same approach as the axial model but
u(x, t) is replaced by angular displacement, θ(x, t). Additionally, Young’s modulus, E and
cross-sectional area, A would be replaced by their rotational counterparts, shear modulus,
G and polar moment of inertia, J respectively. A sample dispersion curve plot is provided
for both axial and torsional models in Figure 2.5. Both axial and torsional models utilize
the dimensional and material specifications provided in Table 2.1.
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2.3 Case Studies
An ideal bandgap is wide and occurs at a desired frequency, which is often a relatively
low frequency in vibration applications. It is essential to identify the parameters in the
system which can help idealize the bandgap. In the case of periodic structures, varying the
extent of material and geometric periodicity in the unit cell can help with bandgap tuning.
Diameter ratio, δ, Young’s modulus ratio, ε, and length ratio, α of the unit cell are defined
as
δ =
db
da
, ε =
Ea
Eb
, α =
Lb
La
. (2.25)
(a) (b)
Figure 2.6: Second bandgap (a) center frequency and (b) width variation in Euler-Bernoulli
and Timoshenko beam models versus diameter ratio, δ
Each of these parameters are independently varied over a range of 1-1.8 while others
are held constant at 1. Additionally, unit cell length ratio is varied while the total length
of unit cell remains constant, thus altering the length proportions of the swollen and non-
swollen segments within the unit cell. UV irradiation in hydrogels increases the diameter
but decreases Young’s modulus of the swollen segment which explains the reversed def-
inition of ε in Equation 2.25. All the parametric sweeps use the initial parameters of the
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non-swollen segment provided in Table 2.1. It is important to note that unit cell length
ratio variation in absence of any diameter or material periodicity will simply not yield any
bandgaps, hence swollen segment diameter and Young’s modulus provided in Table 2.1 are
also used for unit cell length ratio sweep. The parametric sweep results shown here solely
focus on the second bandgap of the Euler-Bernoulli and Timoshenko beam models due to
their relevance to the experimental efforts which are made to validate the second bandgap
formation in periodic structures under transverse excitation.
(a) (b)
Figure 2.7: Second bandgap (a) center frequency and (b) width variation in Euler-Bernoulli
and Timoshenko beam models versus Young’s modulus ratio, ε
It can be observed in Figure 2.6 that increasing δ tends to increase the width of the
bandgap but it also results in higher center frequencies for both Euler-Bernoulli and Timo-
shenko beam models. It can be observed in Figure 2.7 that increasing ε widens the bandgap
and reduces the center frequency, however the variations in bandgap width and center fre-
quency are not as significant when compared to diameter ratio sweep. Additionally, it can
be observed in Figure 2.8 that increase in αmarginally increases the center frequency while
reducing the width in Euler-Bernoulli and Timoshenko beam models.
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(a) (b)
Figure 2.8: Second bandgap (a) center frequency and (b) width variation in Euler-Bernoulli
and Timoshenko beam models versus unit cell length ratio, α
2.4 Summary and Conclusions
This chapter focuses on the development of dispersion analysis to study bandgap forma-
tion and tuning in periodic hydrogel structure. Bandgap formation in an infinite diatomic
chain, which is the simplest representation of periodic structures, is first analyzed to demon-
strate how change in mass and stiffness ratios can change the width and center frequency
of the bandgaps. Transfer matrix method is then employed to derive the eigenvalue prob-
lem for a unit cell of a continuous infinite periodic structure, which is further solved to
create dispersion curve plots. Both Euler-Bernoulli and Timoshenko beam theories are uti-
lized to analyze bandgap formation in periodic structures under bending vibrations. While
Euler-Bernoulli beam model can provide a simpler representation of dynamics involved,
Timoshenko beam model considers shear deformation and rotational inertia effects which
is non-negligible in soft hydrogel structures. It can noticed that in the presence of shear
deformation and rotational inertia effects, Euler-Bernoulli beam model consistently over-
estimates bandgap width and location. Numerous case studies discussed in this chapter
reveal that it is possible to tune bandgaps upon variations in parameters such as diameter,
Young’s modulus, and unit cell length ratio.
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CHAPTER 3
FINITE STRUCTURE FREQUENCY RESPONSE ANALYSIS USING FINITE
ELEMENT METHOD
This chapter discusses the finite element method (FEM) based frequency response anal-
ysis to study bandgaps in periodic hydrogel structures. FEM is an alternative to dispersion
analysis discussed in chapter 2 but it provides insight into how these bandgaps appear in
a periodic structure with a finite number of unit cells. Additionally, frequency response
analysis results discussed here directly relate to the shaker vibration experiments which
use hydrogel structures with 7 unit cells. FEM spatially discretizes a given structure into
smaller elements for which the mass and stiffness matrices can be derived using Hamilton’s
principle. The local element matrices can then be combined together using transformation
matrices to define the multi-degree-of-freedom (M-DOF) vibration problem. The mass
and stiffness matrix derivation is discussed here for clamp-free Euler-Bernoulli and Timo-
shenko beams under transverse base excitation. Finite periodic structures under pure axial
and torsional vibrations are also briefly discussed in this chapter. An infinite periodic struc-
ture will entirely prohibit wave propagation in the bandgap region, however structures with
a finite number of unit cells can only attenuate the vibrations to some extent. The quality of
attenuation would depend on parameters such as number of unit cells and extent of mate-
rial and geometric periodicity. The effect of these parameters on the bandgap formation in
Euler-Bernoulli and Timoshenko periodic beam structures is further studied in this chapter.
3.1 FEM Based Formulations for Periodic Structures Under Bending Vibrations
Both the Euler-Bernoulli and Timoshenko beam theories are again utilized here to an-
alyze the periodic structures under bending/transverse vibrations. For both beam theories,
the local element based mass, stiffness matrices and forcing vector derivation along with
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the global matrix transformation is discussed in this section. Modal superposition method
is further used with these global matrices to create the frequency response of a cantilever
periodic beam.
3.1.1 Mass and Stiffness Matrix Derivation- Euler-Bernoulli Beam
Figure 3.1: A 2 node Euler-Bernoulli beam element.
For an elastic body, the generalized Hamilton’s Principle is
T =
∫ t2
t1
[δ(T − U +Wnc)]dt, (3.1)
where the total kinetic energy (T ), the total potential energy (U ) are defined as
T =
1
2
∫ L
0
ρAẇ(x, t)2dx, U =
1
2
∫ L
0
EIwxx(x, t)
2dx (3.2)
for a single free-vibration Euler-Bernoulli beam element with a constant cross-sectional
area, A as shown in Figure 3.1 [35]. The total non-conservative work,Wnc is assumed to be
0. Here, w(x, t) is the total transverse displacement of the beam element. Dot superscripts
in Equation 3.1.1 denote time base derivative whereas subscripts, xx denote second partial
derivative with respect to x. Modal damping is used to model the loss in the system and is
considered later in modal superposition process. Each node in the beam element has two
degrees of freedom: transverse displacement, w(x, t) and nodal rotation, wx(x, t) (θw).
The spatial component of w(x, t) can be written in a cubic polynomial form
w(x) = a0 + a1 x+ a2 x
2 + a3 x
3. (3.3)
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Equation 3.3 can be re-written in matrix form as
w(x) = Xa, (3.4)
where polynomial vector, X =
[
1 x x2 x3
]
and coefficient vector, at =[
a0 a1 a2 a3
]
. w(x) can also be written as
w(x) = Nψ, (3.5)
where N is the shape function vector and ψ is the generalized nodal coordinate vector
which is defined as
ψt =
[
w1 θ1 w2 θ2
]
, (3.6)
and it can also be found by evaluating Equation 3.3 and its first derivative with respect to x
at x = 0 and L. This relationship can be written as
ψ = Ba. (3.7)
Substituting the definition of a from Equation 3.7 into Equation 3.4 yields,
N = X(x)B−1. (3.8)
Equation 3.5 can be substituted back into Equation 3.1.1 to extract the mass and stiffness
matrix for an Euler-Bernoulli beam element which can be expressed as
me =
∫ L
0
ρAψ̇tNtNψ̇dx, ke =
∫ L
0
EIψtxxN
t
xxNxxψxxdx. (3.9)
If the forcing mechanism for the structure is the motion of the clamped end in the
transverse direction, the effective force on the structure is a result of the translational inertia
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in that direction and it contributes to the total kinetic energy term in Equation 3.1. In this
case, the element force vector is given by
fe =
∫ L
0
−ρAabNTdx (3.10)
where ab is the base acceleration [39, 40].
3.1.2 Mass and Stiffness Matrix Derivation- Timoshenko Beam Element
Several FEM based approaches have been studied and can be used to derive the mass
and stiffness matrices of a single Timoshenko beam element. Unlike Euler-Bernoulli beam
element, the rotation of the neutral axis in Timoshenko beam is a combination of the trans-
verse displacement related rotation, and shear deflection angle, θs. The element stiffness
matrix is derived using the force and moment relations of the Timoshenko beam element
under static equilibrium, whereas the element mass matrix is derived using the elemental
kinetic energy term (similar to Euler-Bernoulli beam element derivations) [41]. Using the
static equilibrium approach, the stiffness matrix for a Timoshenko beam element is defined
as
ke =
EI
(1 + η)L3

12 6L −12 6L
(4 + η)L2 −6L (2− η)L2
12 −6L
Symmetric (4 + η)L2

, (3.11)
where η = 12EI/GksAL2 and ks is the shear factor. The kinetic energy of a Timo-
shenko beam can be given by
T =
1
2
∫ L
0
ρAẇ(x, t)2dx+
1
2
∫ L
0
ρI(θ̇w(x, t) + θ̇s(x, t))
2dx, (3.12)
where θw is the rotation angle which is a result of the transverse displacement [41, 42]. The
22
kinetic energy term helps with the derivation of the element mass matrix which can then be
written as
M =
ρAL
210(1 + η)2
(3.13)
N =

70η2 + 147η + 78 (35η2 + 77η + 44)L
4
35η2 + 63η + 27 −(35η2 + 63η + 26)L
4
(7η2 + 14η + 8)L
2
4
(35η2 + 63η + 26)L
4
−(7η2 + 14η + 6)L2
4
70η2 + 147η + 78 −(35η2 + 77η + 44)L
4
Symmetric (7η2 + 14η + 8)L
2
4

me,ρA = M ∗N (3.14)
MI =
ρI
30(1 + η)2L
(3.15)
me,ρI = MI

36 −(15η − 3)L −36 −(15η − 3)L
(10η2 + 5η + 4)L2 (15η − 3)L (5η2 − 5η − 1)L2
36 (15η − 3)L
Symmetric (10η2 + 5η + 4)L2

(3.16)
me = me,ρA + me,ρI (3.17)
The same forcing term as Euler-Bernoulli beam element is used again with the Timo-
shenko beam element to evaluate the structural response with respect to base excitation.
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3.1.3 Tranformation Matrices
Transformation matrices are then used to convert the local element matrices into the
global ones. These transformation matrices are of the size, 4 x n-DOF (total degrees of
freedom in the structure) and they are designed to populate the global matrix along the
diagonal. Global mass and stiffness matrices, M and K along with global forcing vector,
F are defined as
M =
n∑
i=1
TTi miTi, K =
n∑
i=1
TTi kiTi, F =
n∑
i=1
TTi fi (3.18)
where n is the total number of elements in the structure and Ti is the transformation matrix
for the ith element. The global equation of motion is then given by
Mψ̈ + Cψ̇ + Kψ = F, (3.19)
where C is the global damping matrix. Necessary changes can be made to the global
matrices to consider the boundary conditions of a given structure. For instance, a clamp
free boundary condition for an Euler-Bernoulli beam can be accounted in Equation 3.12
by truncating the first two rows and columns of the matrices which would indicate that the
first nodal coordinate is fixed. In Timoshenko beams, the rotation at the clamped end is not
necessarily zero due to the presence of shear deformation so only the first row and column
is truncated from the global matrices. These truncated matrices can then be used to setup
the eigenvalue problem which can yield the natural frequencies and mode shapes for the
structure.
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3.1.4 Modal Superposition
Modal superposition method utilizes the resultant natural frequencies and mode shapes
to create the vibrational response for a given set of forcing vector. Just like the name
suggests, modal superposition adds the response for each mode shape for a certain input
excitation frequency. Using modal coordinates, Equation 3.12 is decoupled into n-DOF
number of single-degree-of-freedom equations (S-DOF) and a modal damping ratio, ζr =
0.01 is applied to all modes of vibrations. The generalized variable per base acceleration,
β(ω) can be given by
β(ω) =
nDOF∑
r=1
φrφ
T
r F
∗
ω2r − ω2 + 2iζrωωr
, (3.20)
where F∗ = F/ab (base excitation), φr is the rth mass normalized mode, ωr is the rth
natural frequency of the structure, ζr is the rth modal damping ratio and ω is the excitation
frequency. It is important to note that in the case of base excitation, the transverse dis-
placement and slopes are both relative to the base motion. Therefore, the absolute response
function per base displacement or transmissibility, βabs(ω) can be defined as
βabs(ω) = 1− ω2β(ω). (3.21)
A 7 unit cell and clamp-free hydrogel structure under base excitation with dimensions
and material properties found in Table 2.1 is considered here to plot the transmissibility at
the tip. As shown in Figure 3.2, Euler-Bernoulli FEM model overestimates the location and
width of the bandgap when compared to Timoshenko FEM model which considers shear
deformation and rotational inertia. It can also be noticed that the FEM results shown in
Figure 3.2 agree well with the TMM results (chapter 2). The attention is again provided
to the second bandgap here because the first bandgap is relatively narrow and does not
provide significant response attenuation. Transmissibility heat maps are further generated
as functions of ω and response location, x while the structure is excited at the base. It
can be observed in Figure 3.3 that the attenuation within the bandgap region increases as x
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Figure 3.2: Transmissibility evaluated at the tip while the hydrogel structure with 7 unit
cells is excited at the base. Both Euler-Bernoulli and Timoshenko FEM models have a
modal damping, ζr = 0.01 for all vibration modes. The shaded patches denote the second
bandgap as predicted by TMM approach.
moves towards the free end (x/L = 1).
3.2 FEM Based Formulations for Periodic Structures Under Axial and Torsional
Vibrations
Formulations similar to Euler-Bernoulli and Timoshenko FEM models are again em-
ployed to derive the mass and stiffness matrices for hydrogel structures under pure axial or
torsional vibrations. Hamilton’s Principle (Equation 3.1) can be used again along with the
total kinetic and potential energy terms to re-derive global equations of motion for FEM
local elements under pure axial or torsional excitations. The total kinetic (T ) and potential
energy (U) for an element under going pure axial deformation can be defined as
T =
1
2
∫ L
0
ρAu̇(x, t)2dx, U =
1
2
∫ L
0
EAux(x, t)
2dx (3.22)
in which u(x, t) represents the axial displacement in the structure. Unlike the Euler-
Bernoulli beam element shown in Figure 3.1, an element under pure axial load would
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(a)
(b)
Figure 3.3: Transmissibility versus response location, x and excitation frequency, ω for a)
Euler-Bernoulli and b) Timoshenko FEM models.
have a single degree of freedom at each node. The spatial component of u(x, t) can then
be written with a linear fit as
u(x) = a0 + a1 x. (3.23)
The shape function derivation process shown in subsection 3.1.1 (Equation 3.4-3.9) can
then be used to create the shape functions for the axial element and ultimately, local mass
and stiffness matrices [35]. An identical modal superposition approach (Equation 3.20) can
also be used to model the axial transmissibility. Additionally, FEM model for a structure
under pure angular loading can be created by using the rotational counterparts of the system
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with axial FEM derivation (G and J in place of E and A respectively).
Tip transmissibility is then plotted by normalizing the tip response with response at
the first free node next to the fixed end while a harmonic point force is applied to this
node. F∗ in Equation 3.13 now corresponds to a point force applied to a certain node in the
discretized structure. It can be observed in Figure 3.4 that axial and torsional FEM models
predict a much better response attenuation in the first bandgap compared to the second
bandgap unlike the bending FEM models. Additionally, there is an excellent agreement
between FEM bandgaps and TMM results from chapter 2.
(a)
(b)
Figure 3.4: Transmissibility evaluated at the tip for (a) Axial and (b) Torsional FEM models
while the hydrogel structure with 7 unit cells is excited at first free node next to the fixed
end. Both FEM models have a modal damping, ζr = 0.01 for all axial and torsional modes.
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3.3 Case Studies
Parametric sweeps discussed in section 2.3 are again performed with the Euler-
Bernoulli and Timoshenko FEM models to examine how the bandgap features vary with
respect to parameters such as number of unit cells, diameter, Young’s modulus and unit
cell length ratio as defined in Equation 2.25. Clamp free boundary conditions are consid-
ered for all the case studies and a constant modal damping ratio, ζr = 0.01 is used for all
the vibration modes. While dispersion analysis case studies in chapter 2 already provide an
understanding of how bandgap center frequency and width vary with parameters of interest,
FEM model sweeps also study the variation in the response attenuation within the bandgap
region. The results shown here also emphasize on the much wider second bandgap.
(a) (b)
Figure 3.5: Tip transmissibility versus number of unit cells and excitation frequency, ω for
(a) Euler-Bernoulli and (b) Timoshenko FEM models. Overlaid scatter plots (red) denote
the second bandgap as predicted by TMM.
Figure 3.5 demonstrates how the attenuation increases within the bandgap as the num-
ber of unit cells increase. It is important to note that increasing the number of unit cells
simply increases the total length of the structure without varying any unit cell parameters
such as δ,ε, and α. With further increase in number of unit cells, it can be expected that the
attenuation in the bandgap would also further increase because the structure slowly begins
to approach an infinite periodic structure which entirely prohibits wave propagation within
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bandgaps. If the bandgap occurs betweenmth andm+1th resonant peaks, it can be noticed
that m also increases with number of unit cells. Such behavior can be attributed to increase
in overall length which is inversely proportional to resonant frequencies.
(a) (b)
Figure 3.6: Tip transmissibility versus diameter ratio, δ and excitation frequency, ω for (a)
Euler-Bernoulli and (b) Timoshenko FEM models.
(a) (b)
Figure 3.7: Tip transmissibility versus Young’s modulus ratio, ε and excitation frequency,
ω for (a) Euler-Bernoulli and (b) Timoshenko FEM models.
For diameter, Young’s modulus, and unit cell length ratio sweeps, FEM models consider
a structure with 7 unit cells (same as the samples used in the shaker based experiments dis-
cussed in chapter 4). An excellent agreement is again noticed between FEM and TMM
results in Figure 3.6, 3.7 and 3.8. As shown in Figure 3.6, larger diameter ratios result in a
much wider bandgap which also possesses better attenuation, however bandgap center fre-
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quency increase can also be noticed. Figure 3.7 also concludes that larger Young’s modulus
ratios tend to widen the bandgaps while reducing the center frequencies, however bandgap
attenuation and widths of the bandgaps are not as pronounced when compared to diameter
ratio sweeps. Unit cell length ratio variations on the other hand, reduce the bandgap width
and also marginally increase the center frequencies as shown in Figure 3.8.
(a) (b)
Figure 3.8: Tip transmissibility versus unit cell length ratio, α and excitation frequency, ω
for (a) Euler-Bernoulli and (b) Timoshenko FEM models.
3.4 Summary and Conclusions
A finite element method model is utilized here for studying bandgap formation and
tuning in finite periodic structures. While dispersion analysis, discussed in chapter 2, would
be sufficient to predict the bandgap location and width, it is essential to create a model
which can capture the response and bandgap appearance in a finite periodic structure under
an external loading. It is observed that bandgap attenuation improves with increase in
number of unit cells in the finite periodic structure. Additionally, it can be noticed that
bandgap attenuation is largest at the free end of the cantilever configuration. Finite element
model case studies also validate the dispersion analysis results from chapter 2 as very good
agreement is found between the two approaches for all the models.
For the hydrogel structures studied in this research, diameter and Young’s modulus ra-
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tios are both an outcome of UV based activation, hence they are not entirely independent.
However, it is not challenging to design periodic structures for either geometric or mate-
rial periodicity. The study developed and discussed in chapter 2 and 3 can also be used
to predict and tune bandgaps in periodic non-hydrogel structures. Based on the design re-
quirements, one can tune any of these parameters to achieve the desired bandgap. Large
diameter and Young’s modulus ratios along with lower length ratios would certainly widen
the bandgap. Without compromising the bandgap width, bandgap can shift to a lower center
frequency with larger Young’s modulus and smaller unit cell length ratios.
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CHAPTER 4
EXPERIMENTAL BANDGAP FORMATION AND TUNING IN
HYDROGEL-BASED PERIODIC CANTILEVER BEAM CONFIGURATIONS
This chapter discusses the experimental efforts to study bandgap formation in periodic
hydrogel structures. Shaker vibration tests are performed on cantilever hydrogel configura-
tions to measure the response at the free end while the structure is excited at the base with
rectangular noise voltage signal. COMSOL model with additional factors such as gravita-
tional body load is also considered to ensure good match with the experimental findings.
The bandgap tuning with respect to leucohydroxide (TPMLH) concentration and unit cell
length ratio, α is further studied. TPMLH concentration determines the swelling capacity
of a hydrogel, hence it ultimately controls geometric and material periodicity in the struc-
ture. Unlike the case studies discussed in chapter 2 and 3, case studies here will focus on
bandgap tuning with respect to the coupled effects of geometric and material periodicity.
Finally, diatomic chain model discussed in chapter 2 is again used to qualitatively analyze
the experimental trends.
4.1 Periodic Hydrogel Synthesis
The photo-responsive hydrogels are prepared using the conventional protocol for
polyacrylamide-co-triphenlymethane leucohydroxide (commonly referred as leucohydrox-
ide or TPMLH in this thesis) hydrogel [33]. The PAAm-co-TPMLH hydrogel is synthe-
sized using 2-3 M (Moles) acrylamide (AAm), 10-20 mM N,N’-methylenebisacrylamide
(Bis), and 30-50 mM TPMLH. An aluminum foil with evenly spaced cut outs (also referred
as photomask) is used for localized photo-activation of homogeneous hydrogels. The pho-
tomask is placed between the hydrogel and a 365 nm UV light (LED, 40 mW/cm2), the
hydrogel is activated into a periodic configuration. As shown in Figure 4.1, the photo-
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activated hydrogel is allowed to freely swell in de-ionized (DI) water for 4 hours to achieve
its periodic state.
Figure 4.1: Homogeneous to periodic transition for TPMLH based hydrogels.
The Young’s modulus for the swollen and non-swollen segment of the sample is ex-
tracted from tensile test upon the completion of shaker experiments discussed in this chap-
ter. It is observed that the Young’s modulus falls in the range of 4-12 kPa for all samples.
The resultant softness in the structures makes them very fragile, hence the number of unit
cells in the periodic samples is limited to 7. In chapter 2 and 3, the periodic structure is
assumed to have a step-like transition between non-swollen and swollen segments. How-
ever, it can be noticed in Figure 4.1 that the periodic hydrogels have gradual transition
zones between non-swollen and swollen segments. The transition zones represent both the
geometric and material transition between the segments of a unit cell.
4.2 Shaker Test Setup
The shaker vibration tests are performed using a Brüel and Kjær Vibration Exciter
Type 4809 which connects to the hydrogel sample via an acrylic clamp. As shown in
Figure 4.2, a uni-axial PCB accelerometer is attached to the back end of the acrylic clamp
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and signal conditioner (Kistler Type 5134) with a constant gain is used to improve the
signal-to-noise ratio of the recorded base acceleration. Laser Doppler vibrometer (OFV
505) is used to measure the velocity at the tip of the hydrogel and a 20 kHz low pass filter
is used to improve the signal-to-noise ratio. Data acquisition module, NI-9223 is used to
record tip and base response. Low voltage rectangular noise signal with Hamming window
is provided to the shaker using NI signal express. The voltage signal is sent to the shaker
via power amplifier (LDS-PA25E) with a constant gain. The soft nature of hydrogels makes
them susceptible to immediate fractures or fatigue failures if the structure is excited with
high voltages/large displacement amplitudes, hence only linear experiments are performed
on hydrogels (low voltages/ low displacement amplitudes).
Figure 4.2: Shaker vibration test setup with the periodic hydrogel sample attached at the
clamp.
The recorded time histories from accelerometer and OFV 505 are also averaged us-
ing NI signal express. The tip velocity measured by OFV 505 is normalized by the base
acceleration and magnitude of tip transmissibility is then defined as
|βL(ω)| = ω|ξL(ω)|, (4.1)
where βL(ω) is the tip transmissibility, ξL(ω) is the tip velocity (absolute with respect to the
moving base) normalized by base acceleration and ω is the excitation frequency. Figure 4.3
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compares the tip transmissibility for homogeneous and periodic hydrogel structures. The
bandgap formation can be clearly observed for the periodic structure (denoted by red patch
in Figure 4.3). In this specific type of experiment, the bandgap can be physically inter-
preted as a band of frequency where the magnitude of tip displacement is less than base
displacement.
Figure 4.3: Tip transmissibility for homogeneous and periodic hydrogels while they are
excited at the base. The shaded patch here denotes the region between the 15th and 16th
resonance of the periodic structure.
4.3 FEM Model with Gravitational Body Load
Both chapter 2 and 3 focus entirely on the formulation and evaluation of Euler-Bernoulli
and Timoshenko beam models in context with the periodic structures. It is concluded that
Timoshenko beam model would prove to be a more accurate model as the shear deformation
and rotational inertia in these soft hydrogel structures are non-negligible. This softness in
hydrogels, however introduces additional geometric non-linearities which are considered in
COMSOL FEM model. As shown in Figure 4.4, the clamped periodic hydrogel structure
happens to have a static axial deflection under its own weight owing to a very low Young’s
modulus. It can also be observed that this deflection is not constant across the structure, i.e.
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unit cells closer to the clamp have larger deflections when compared to unit cells closer to
the free end. Such behavior can be attributed to the fact that weight/gravitational load is a
volumetric force.
Figure 4.4: The axial deformation of the hydrogel while on clamp due to gravitational body
load.
Having an uneven distribution of both axial stress and static deflection would make
unit cells different from one another, hence jeopardizing the structural periodicity. COM-
SOL model uses the average dimensions of the hydrogel (measured while it sits on a free
surface) along with built-in gravity body load to account for static axial deflection. Fre-
quency response study is then employed onto a statically deformed structure. The static
axial deflection is modeled to be a geometric non-linearity (since static axial deflection is
very large), whereas frequency response analysis is a linear study with small excitation am-
plitudes. Hydrogel is modelled to be a linear elastic material with an isotropic loss factor
of 0.02 (equivalent to ζr = 0.01 for all vibration modes). As shown in Figure 4.5, the gel
model is fixed at the top face (yellow shaded region) and harmonic perturbation is provided
to the fixed end in transverse direction while a domain point probe (red dot in Figure 4.5)
measures response at the tip.
The FEM model comparison with experimental results can be seen in Figure 4.6. It can
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Figure 4.5: COMSOL representation of the periodic hydrogel in 2-D (left) and 3-D (right)
orientation.
be observed that COMSOL model agrees well with experimental results when compared
to Timoshenko FEM model. Bandgap in Timoshenko FEM model is wider and occurs at a
lower frequency. Even though COMSOL model agrees well with experiments, the match
is not perfect. Periodic hydrogels can be imperfect due to material inhomogeneities and
photo-patterning. The resultant surface imperfections are not accounted in the COMSOL
model. Additionally, the COMSOL model also assumes a sharp or step-like transition
between the non-swollen and swollen segments which can potentially have an effect on the
level of agreement.
4.4 Case Studies
This section discusses different approaches to tune a bandgap in a periodic hydrogel
structure. The reprogrammability feature of hydrogels is first explored to study the consis-
tency of bandgap formation and the ability to tune a bandgap by re-programming the length
ratio, α of the unit cells. Bandgap formation and variation is further studied for TPMLH
concentration and unit cell length ratio variations using different hydrogel samples. The ex-
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(a) (b)
Figure 4.6: Tip transmissibility comparisons between experiments and (a) Timoshenko
beam element and (b) COMSOL based FEM models
perimental trends are compared to the FEM (COMSOL) model predictions and simplified
diatomic chain model (chapter 2) is utilized to explain the trends observed in experiments.
4.4.1 Re-programming Hydrogels
Reprogrammibility is an additional feature that these stimuli-responsive hydrogels pos-
sess and it can prove to be useful for the purpose of bandgap tuning as one can re-
program the same piece of hydrogel to a different geometric periodicity to achieve a desired
bandgap. The swollen/periodic hydrogel is first allowed to reset to its homogeneous state
and then re-activated by the process discussed in section 4.1. This homogeneous state is
achieved by submerging the sample in Poly(ethylene Glycol) (PEG) water solution. This
process is followed by submersing the sample in 10 mM NBA water solution (pH = 11.00,
conditioned by NaOH). The process is also illustrated in Figure 4.7. This process is re-
peated 4 times to ensure that previous activation traces are completely eliminated from the
sample. The homogeneous sample can be ultimately re-programmed to similar or different
geometric characteristics.
In the first attempt, an initial periodic hydrogel sample is re-programmed to achieve
identical geometric properties. It can be seen in Figure 4.8 that match in bandgap center
frequency and width is excellent between the initially programmed periodic structure and
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Figure 4.7: Re-programming process for a periodic hydrogel which has identical geometric
periodicity upon re-programming. The hydrogel samples can be re-programmed to possess
different geometric periodicity by using a photomask of different length proportions.
the re-programmed periodic structure with identical geometry. Despite material inhomo-
geneity and defects which can be common in these hydrogels, it can be concluded that
bandgaps can be easily recreated upon re-programming. In the second attempt, a hydrogel
with a unit cell length ratio, α = 1.64 is re-programmed to α = 1.26 and the result is then
compared to a new hydrogel sample with α = 1.26. It can be seen in Figure 4.9 that the
bandgap width and center frequencies match well between the two samples with α = 1.26.
The agreement between the re-programmed sample (α = 1.26) and new hydrogel sample
(α = 1.26) is not as impressive as the first attempt which focused on exact repetition of the
geometry. Unlike exact geometric repetition attempt, unit cell length ratio variation (α =
1.26) would require a photomask of different length proportions, which can introduce vari-
ations in the sample when compared to the new hydrogel sample with α = 1.26, potentially
explaining the quality of agreement for re-programmed hydrogels.
The shaker test results shown here indicate that it is possible to recreate and/or tune
a bandgap using the reprogrammability of hydrogels. However, this process can prove
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Figure 4.8: Tip transmissibility comparison between periodic hydrogel and its re-
programmed version which has been designed to achieve identical geometric specifications.
to be time consuming and erroneous if the samples are not handled with care during re-
programming. Upon consideration of these factors and the good repeatability and small de-
viations between samples, multiple samples of different unit cell length ratios and TPMLH
concentrations are instead created simultaneously to make the gel synthesis process effi-
cient.
Figure 4.9: Tip transmissibility comparison between periodic hydrogel, sample 2 (α = 1.26)
and re-programmed version (α = 1.26) of sample 1 (initial α = 1.64) .
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4.4.2 Bandgap Tuning with TPMLH Concentration and Unit Cell Length Ratio Variation
Figure 4.10: Sample comparison for TLMPH concentration variation (TPMLH increases
from low to high).
Table 4.1: Hydrogel compositions and dimensional specifications for TLMPH variation
Sample LowTPMLH MediumTPMLH HighTPMLH
AAm (M) 3 3 3
Bis (mM) 18 18 18
TPMLH (mM) 38.0 41.5 45.0
da (mm) 3.71 3.78 3.74
db (mm) 5.05 5.52 5.81
δ 1.36 1.46 1.55
Ea (kPa) 9.90 9.15 8.55
Eb (kPa) 9.60 8.40 6.90
ε 1.03 1.09 1.23
La (mm) 5.24 5.43 5.47
Lb (mm) 6.87 7.27 7.43
α 1.31 1.34 1.36
Bandgap tuning is studied in experimental settings primarily through variation of two
parameters: TPMLH concentration and unit cell length ratio, α. While TPMLH concentra-
tion variation alters the chemical composition of the hydrogel and ultimately the level of
swelling, unit cell length ratio variation enables change in the hydrogel geometry (can be
performed by using a photomask of different window size) while TPMLH concentration
remains constant. It can be noticed in Table 4.1 that both diameter (δ) and Young’s mod-
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ulus (ε) ratio increase with TPMLH concentration. The same photomask is used for the
photo-activation, however it can also be noticed that samples with higher TPMLH concen-
tration see a slight increase in unit cell length ratio which can be attributed to the increase
in localized swelling of the structure in the longitudinal direction. The diameter ratio in-
crease is also evident in Figure 4.10 which compares the samples with different TPMLH
concentration (Low = 38 mM, Medium = 41.5 mM, High = 45 mM).
Figure 4.11: Experimental tip transmissibility for periodic hydrogels as TPMLH concen-
tration is varied from 38 mM to 45 mM.
(a) (b)
Figure 4.12: Second bandgap (a) center frequency and (b) width comparison between ex-
periment and FEM (COMSOL) as TPMLH concentration is varied from 35 mM to 46 mM.
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In Figure 4.11, it can be observed that the bandgap gets wider and shifts to a lower
center frequency with increase in TPMLH concentration. It can further be noticed that the
quality of attenuation also improves with increase in TPMLH concentration. Similar trends
are noticed in FEM model (COMSOL), however the model overestimates both the bandgap
center frequency and width. A new 3 sample batch is further created with different unit cell
length ratios (α = 1.00, 1.49, and 2.02). The samples of this batch are made with the same
chemical composition as sample, “High” in Table 4.1 (TPMLH = 45 mM). However, due
to batch-to-batch variations, both diameter and Young’s modulus ratio (δ = 1.66 and ε =
1.48) vary slightly when compared to Table 4.1.
Figure 4.13: Sample comparison for α variation.
In Figure 4.14, it can be observed that the bandgap shrinks and shifts to a lower center
frequency with increase in unit cell length ratio. Similar trends are noticed in FEM (COM-
SOL) model. The model versus experiment comparisons can be seen in Figure 4.15. Un-
like TPMLH sweep results, the model underestimates the bandgap width when compared
to experiments. In chapter 2 and 3, we noticed that the bandgaps shifted to a higher center
frequency with increase in unit cell length ratio, hence contradicting the results shown here.
However, the preliminary case studies assumed that the total unit cell length remained con-
stant (total length of the finite periodic structure would remain constant) as we varied the
unit cell length ratio. It can be seen in Figure 4.13 and Table 4.2 that the total length of
the unit cell increases with unit cell length ratio. Such behavior can again be attributed to
44
Table 4.2: Hydrogel compositions and dimensional specifications for unit cell length ratio
variation
Sample Lowα Mediumα Highα
AAm (M) 3 3 3
Bis (mM) 18 18 18
TPMLH (mM) 45.0 45.0 45.0
da (mm) 3.92 3.97 3.99
db (mm) 6.50 6.58 6.59
δ 1.66 1.66 1.66
Ea (kPa) 7.35 7.35 7.35
Eb (kPa) 4.95 4.95 4.95
ε 1.48 1.48 1.48
La (mm) 6.64 5.57 4.85
Lb (mm) 6.66 8.29 9.82
Length of unit cell (mm) 13.30 13.86 14.67
α 1.00 1.49 2.02
the increased localized swelling in the longitudinal direction. A longer activated segment
will tend to swell more, hence providing a longer unit cell and ultimately a longer finite
periodic structure.
4.4.3 Diatomic Chain Model
In the previous sections, we noticed that the bandgap widens and shifts to a lower center
frequency with increase in TPMLH concentration, whereas increase in unit cell length ratio
(α) can shrink the bandgap while shifting it to a lower center frequency. These trends can be
interpreted using the simplified diatomic chain model that we discussed in chapter 2. The
variations in TPMLH concentration and unit cell length ratio ultimately fluctuate the unit
cell mass and stiffness ratios which are fundamentally responsible for bandgap formation
in periodic structures. For a structure under bending vibration, the equivalent mass and
stiffness ratios can be given by
µ = δ2α, κ =
δ4
εα3
. (4.2)
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Figure 4.14: Experimental tip transmissibility for periodic hydrogels as α is varied from
1.00 to 2.02.
To analyze the experimental trends using the diatomic chain model, Equation 4.2 can be
used to solve for the mass(µ) and stiffness ratios(κ) of the unit cell. Table 4.2 and 4.3
provide the equivalent mass and stiffness ratios for the experimentally tested samples.
Table 4.3: Equivalent mass and stiffness ratios for the unit cells of the TPMLH variation
samples. The bandgap center frequencies and widths are calculated using diatomic chain
model.
Sample TPMLH (mM) µ κ Ωcenter Ωwidth
LowTPMLH 38.0 3.18 1.48 1.22 0.73
MediumTPMLH 41.5 3.83 1.61 1.21 0.84
HighTPMLH 45.0 4.46 1.74 1.21 0.92
It can be seen that increase in TPMLH concentration results in higher mass and stiffness
ratios which ultimately provide a wider bandgap at a lower center frequency. However, for
the amount of increase in mass and stiffness ratios due to TPMLH variation, diatomic
chain model predicts a negligible reduction in bandgap center frequency. On the other
hand, higher unit cell length ratios result in higher mass but lower stiffness ratios which
ultimately provide a narrower bandgap at a lower center frequency. Similar trends can also
be observed in Figure 4.16.
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(a) (b)
Figure 4.15: Second bandgap (a) center frequency and (b) width comparison between ex-
periment and FEM (COMSOL) as α varies from 0.9 to 2.1.
Table 4.4: Equivalent mass and stiffness ratios for the unit cells of the length ratio variation
samples. TPMLH concentration is 45mM for all three samples.
Sample α µ κ Ωcenter Ωwidth
Lowα 1.00 2.76 5.05 1.85 1.68
Mediumα 1.49 4.09 1.54 1.18 0.84
Highα 2.02 5.52 0.60 0.89 0.75
4.5 Summary and Conclusions
This chapter focuses on the experimental efforts to study bandgap formation and tun-
ability in TPMLH hydrogel-based hydrogel structures. The structural response is measured
at the free end of the cantilevered hydrogel structure while the fixed base is excited by a low
amplitude rectangular noise signal. Bandgaps are clearly evident in the tip transmissibility
plots for periodic hydrogel structures. A COMSOL finite element model is also developed
to consider external factors such as static deflection due to the presence of gravity. It is
noticed that unlike Timoshenko FEM model, COMSOL finite element model matches well
with the experimental results.
TPMLH concentrations and unit cell length ratios are further varied to examine the tun-
ability aspect of the observed bandgap. Significant variations are observed in experimental
bandgap width and center frequency. The experimental bandgap trends are then compared
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(a) (b)
Figure 4.16: (a) Bandgap center frequency and (b) width variation in diatomic chain model.
The overlaid scatter points represent the bandgap widths and center frequencies for the
experimental case studies as predicted by the diatomic chain model.
to a much simpler diatomic chain model. While the diatomic model bandgap widths and
center frequencies carry little quantitative relevance, they provide an understanding of how
bandgaps occur and vary in periodic structures. Trends identical to experiments are no-
ticed when diatomic model bandgap width and center frequencies are evaluated using the
equivalent mass and stiffness ratios of the hydrogel samples used in the experiments. The
trend agreement can help us come to a conclusion that the experimental variations in the
bandgap width and center frequency are ultimately a consequence of the change in mass
and stiffness ratios of the unit cell. This comparison also helps us conclude that despite
the presence of static deflection in the samples which jeopardizes the periodicity of the
structure, these periodic hydrogels are capable of following the fundamental principles of
bandgap formation in periodic structures.
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CHAPTER 5
CONCLUSION AND NEXT STEPS
This thesis successfully demonstrates bandgap formation and tuning in stimuli-
responsive hydrogel-based periodic structures. Analytical and FEM models are first created
in efforts to effectively study the formation and tuning of bandgaps with respect to param-
eters such as diameter, Young’s modulus, and unit cell length ratio. Chapter 2 provides the
detailed approach for performing dispersion analysis on the unit cell of an infinite periodic
structure. Transfer matrix method is utilized to setup the eigenvalue problem and ulti-
mately create dispersion curve plots which can reveal the location and width of bandgaps
in frequency domain. Chapter 3 focuses on the finite element method approach which is
employed to analyze the bandgap formation in periodic structures with finite number of
unit cells. An infinite periodic structure will entirely prohibit wave propagation within the
bandgap, however as seen in Figure 3.5, bandgap attenuation in finite periodic structure
depends on the number of unit cells. Two very common beam theories: Euler-Bernoulli
and Timoshenko are used throughout chapter 2 and 3 to model bandgaps in periodic struc-
tures under bending vibrations. Due to the low Young’s modulus and low unit cell aspect
ratio, shear deformation and rotational inertia effects are non-negligible in periodic hy-
drogel structures. As a result, Euler-Bernoulli beam models (neglects shear deformation
and rotational inertia effects) overestimate both the width and location of bandgaps when
compared to Timoshenko beam models. Variations in parameters such as TPMLH concen-
tration would alter diameter, Young’s modulus, and unit cell length ratio simultaneously,
hence it is not entirely known which parameter contributes the most to bandgap tuning.
While initial dispersion and FEM models do not match the experimental results as well as
COMSOL based finite element model, they allow us to study bandgap tuning in periodic
structures for independent variations in diameter, Young’s modulus, and unit cell length
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ratio. Chapters 2 and 3 conclude that increase in diameter ratio results in wider bandgaps
at higher center frequencies, whereas larger Young’s modulus ratios yield wider bandgaps
at lower center frequencies. Increase in unit cell length ratio on the other hand, produces
narrower bandgaps which occur at a marginally higher center frequency.
Chapter 4 focuses on linear shaker vibration tests which are performed on TPMLH
based hydrogels. In efforts to match the experimental results, additional factors such as
static deflection (due to gravitational body loads) is further considered in a COMSOL based
finite element model. A good agreement is found between the experiments and COM-
SOL based finite element model. Bandgap variations in hydrogel samples with different
TPMLH concentrations and unit cell length ratios are further studied experimentally. It
is observed that higher TPMLH concentrations yield wider bandgaps at lower center fre-
quencies, whereas higher unit cell length ratios produce narrower bandgaps at lower center
frequencies. Identical trends are noticed in the finite element model (COMSOL) and the
simplified diatomic chain model, hence implying that the experimental trends are a ulti-
mately a result of variations in unit cell mass and stiffness ratios. It is ultimately concluded
that despite of the external factors such as static deflection and surface defects in hydrogel
samples, hydrogel-based periodic structures are still capable of following the basic princi-
ples of wave propagation and bandgap formation in periodic structures.
In the next steps to the efforts presented in this thesis, several modelling techniques can
be considered to improve the match between experiments and models. Error in the mea-
surements of hydrogel dimensions and material properties has to be further considered in
the models. Both dimensions and Young’s modulus measurements utilize image processing
techniques which can introduce an uncertainty in the measurements of these physical pa-
rameters, and consequently in the model’s bandgap estimations. Surface irregularities and
transition zones were neglected for all the models discussed in this thesis and they can be a
potential source of discrepancy. A comprehensive reconstruction of the structure geometry
using high definition images can help capture the remaining geometric details. Addition-
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ally, inclusion of static deflection and resulting non-linearities (due to static deflection) in
conventional Timoshenko beam theory based model can help with the formulations of the
analytical predictions for bandgaps in hydrogel structures. Having demonstrated bandgap
formation and tuning in simple periodic structures, more complex metamaterial concepts
can be further explored in 2-D and 3-D hydrogel-based structures. Adding hard inclusions
in hydrogel structures can also be considered to explore an innovative approach of bandgap
formation.
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